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EXISTENCE OF FIXED POINTS FOR PAIRS OF MAPPINGS AND APPLICATION TO
URYSOHN INTEGRAL EQUATIONS
DEEPAK KUMAR1 AND SUMIT CHANDOK2
Abstract. In this paper, we establish some common fixed point results for two pairs of weakly compatible
mappings in the setting of C-complex valued metric space. Also, as application of the proved result, we obtain
the existence and uniqueness of a common solution of the system of the Urysohn integral equations:
x(t) = ψi(t) +
∫
b
a
Ki(t, s, x(s))ds
where i = 1, 2, 3, 4, a, b ∈ R with a ≤ b, t ∈ [a, b], x, ψi ∈ C([a, b],Rn) and Ki : [a, b] × [a, b] × Rn → Rn is a
mapping for each i = 1, 2, 3, 4.
1. Introduction
The notion of complex valued metric space which is more general than the metric space was introduced
by Azam et at. ([1]). Afterwards many authors studied the existence and uniqueness of common fixed point
and fixed point of self mappings with different contractive conditions in complex valued metric space ([1]-[4],
[11]-[13], [16], [17]). Recently, Sintunavarat et al. ([15]-[17]) introduced the concepts of C-Cauchy sequence and
C-complete in complex-valued metric spaces and established the existence of common fixed point theorems in
C-complete complex-valued metric spaces. They have applied the obtained results to check the existence and
uniqueness of common solution of the integral equations.
The aim of this manuscript is to establish the common fixed point theorems for two pairs of weakly compatible
mappings satisfying some contractive conditions in the framework of C-complex valued metric spaces. Also, as
application of the proved results, we obtain the existence and uniqueness of a common solution of the system
of the Urysohn integral equations:
x(t) = ψi(t) +
∫ b
a
Ki(t, s, x(s))ds
where i = 1, 2, 3, 4, a, b ∈ R with a ≤ b, t ∈ [a, b], x, ψi ∈ C([a, b],Rn) and Ki : [a, b] × [a, b] × Rn → Rn is a
mapping for each i = 1, 2, 3, 4.
2. Preliminaries
Let C be the set of complex numbers. For z1, z2 ∈ C, we will define a partial order  on C as follows:
z1  z2 ⇐⇒ Re(z1) ≤ Re(z2) and Im(z1) ≤ Im(z2)
We note that z1  z2 if one of the following holds:
(C1) Re(z1) = Re(z2) and Im(z1) = Im(z2);
(C2) Re(z1) < Re(z2) and Im(z1) = Im(z2);
(C3) Re(z1) = Re(z2) and Im(z1) < Im(z2);
(C4) Re(z1) < Re(z2) and Im(z1) < Im(z2);
0Preprint submitted to Journal ... September 8, 2018
2010 Mathematics Subject Classification. 47H10; 54H25.
Key words and phrases. C-Complete complex valued metric space, Common fixed point, weakly compatible mappings, Urysohn
integral equations.
2 D. KUMAR AND S. CHANDOK
It is obvious that if a, b ∈ R such that a  b, then az  bz for all z ∈ C.
In particular, we write z1  z2 if z1 6= z2 and one of (C2), (C3), (C4) is satisfied, and we write z1 ≺ z2 if and
only if (C4) is satisfied. The following are well known:
0  z1  z2 ⇒ |z1| < |z2|,
z1  z2, z2 ≺ z3 ⇒ z1 ≺ z3
The following definitions and results will be needed in the sequel.
Definition 2.1. [1] Let X be a nonempty set. Suppose that the mapping d : X×X → C satisfies the following
conditions:
(i) 0  d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X ;
(iii) d(x, y)  d(x, z) + d(z, y) for all x, y, z ∈ X .
Then d is called a complex-valued metric on X and (X, d) is called a complex valued metric space.
Definition 2.2. [1] Let (X, d) be a complex-valued metric space.
(1) : A point x ∈ X is called an interior point of a set A ⊆ X wherever there exits 0 ≺ r ∈ C such that
B(x, r) = {y ∈ X : d(x, y) ≺ r} ⊆ A.
(2) : A point x ∈ X is called a limit point of A whenever, for all 0 ≺ r ∈ C,
B(x, r) ∩ (A−X) 6= ∅
(3) : A set A ⊆ X is called open whenever each element of A is an interior point of A.
(4) : A set A ⊂ X is called closed whenever each limit point of A belongs to A.
(5) : A sub-basis for a Hausdorff topology τ on X is the family
F = {B(x, r) : x ∈ X and 0 ≺ r}.
For more concepts such as limit point, convergence and Cauchy sequence in complex valued metric spaces
(see [1, 4, 15] and references cited therein).
Definition 2.3. [15] Let (X, d) be a complex-valued metric space and {xn} be a sequence in X .
(i) If, for any c ∈ C with 0 ≺ c, there exists N ∈ N such that, for all m,n > N , d(xn, xm) ≺ c, then {xn} is
called a C-Cauchy sequence in X .
(ii) If every C-Cauchy sequence in X is convergent, then (X, d) is said to be a C-complete complex valued
metric space.
For more concepts in C-complete complex valued metric space see [15].
Definition 2.4. Let S and T be self mappings of a nonempty set X.
(1) : A point x ∈ X is called a fixed point of T if Tx = x.
(2) : A point x ∈ X is called a coincidence point of S and T if Sx = Tx and the point w ∈ X such that
w = Sx = Tx is called a point of coincidence of S and T.
(3) : A point x ∈ X is called a common fixed point of S and T if x = Sx = Tx.
Definition 2.5. [3] Let X be a complex valued metric space. Then a pair of self mappings S, T : X → X is
said to be weakly compatible if they commute at their coincidence points.
The following results of [1] will be used in the sequel.
Lemma 2.1. [1] Let (X, d) be a complex valued metric space, {xn} be a sequence in X. Then {xn} converges
to a point x ∈ X if and only if |d(xn, x)| → 0 as n→∞.
Lemma 2.2. [1] Let (X, d) be a complex valued metric space, {xn} be a sequence in X. Then {xn} is a Cauchy
sequence if and only if |d(xn, xn+m)| → 0 as n→∞, where m ∈ N.
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3. Main Results
Throughout this paper, R denotes a set of real numbers, C+ denotes the set {c ∈ C : 0  c} and Γ denotes
the class of all functions γ : C+ × C+ → [0, 1) which satisfies the following condition:
for any (xn, yn) in C+ × C+, γ(xn, yn)→ 1⇒ (xn, yn)→ 0.
Now, we prove the main results.
Theorem 3.1. Let (X, d) be a C-complete complex valued metric space and f, g, S, T : X → X be four self
mappings. If there exists three mappings λ1, λ2, λ3 : C+ ×C+ → [0, 1), such that for all x, y ∈ X the following
axioms holds:
(1) λ1(x, y) + 2λ2(x, y) + 2λ3(x, y) < 1;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)+λ2(x,y)+λ3(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(3) d(Sx, T y)  λ1(fx, gy)d(fx, gy)+λ2(fx, gy)(d(fx, Sx)+d(gy, T y))+λ3(fx, gy)(d(fx, T y)+d(gy, Sx));
(4) T (X) ⊆ f(X) and S(X) ⊆ g(X) and the pairs (f, S) and (g, T ) are weakly compatible
Then f , g, S and T have a unique common fixed point in X.
Proof. Let x0 be an arbitrary point in X . Since T (X) ⊆ f(X) and S(X) ⊆ g(X), we construct the two
sequences {xn} and {yn} in X such that
Sx2n−2 = gx2n−1 = y2n−1 and Tx2n−1 = fx2n = y2n for all n ≥ 0.(3.1)
For n ≥ 0, we get
d(y2n+1, y2n+2) = d(Sx2n, T x2n+1)
 λ1(fx2n, gx2n+1)d(fx2n, gx2n+1) + λ2(fx2n, gx2n+1)(d(fx2n, Sx2n) + d(gx2n+1, T x2n+1))
+ λ3(fx2n, gx2n+1)(d(fx2n, T x2n+1) + d(gx2n+1, Sx2n))
= λ1(y2n, y2n+1)d(y2n, y2n+1) + λ2(y2n, y2n+1)(d(y2n, y2n+1) + d(y2n+1, y2n+2))
+ λ3(y2n, y2n+1)(d(y2n, y2n+2) + d(y2n+1, y2n+1))
= (λ1(y2n, y2n+1) + λ2(y2n, y2n+1) + λ3(y2n, y2n+1))d(y2n, y2n+1)
+ (λ2(y2n, y2n+1) + λ3(y2n, y2n+1))d(y2n+1, y2n+2).
This implies that
(1−(λ2(y2n, y2n+1)+λ3(y2n, y2n+1)))d(y2n+1, y2n+2)  (λ1(y2n, y2n+1)+λ2(y2n, y2n+1)+λ3(y2n, y2n+1))d(y2n, y2n+1)
Further, we have
|d(y2n+1, y2n+2)| 
λ1(y2n, y2n+1) + λ2(y2n, y2n+1) + λ3(y2n, y2n+1)
1− (λ2(y2n, y2n+1) + λ3(y2n, y2n+1))
|d(y2n, y2n+1)|
= γ(y2n, y2n+1)|d(y2n, y2n+1)| for all n ∈ N.
On the similar lines, we obtain that
|d(y2n, y2n+1)| ≤ γ(y2n−1, y2n)|d(y2n−1, y2n)| for all n ∈ N
Consequently, we get
|d(yn, yn+1)| ≤ γ(yn−1, yn)|d(yn−1, yn)| for all n ∈ N(3.2)
Thus the sequence {|d(yn, yn+1)|}n∈N is monotone non increasing and bounded below. Therefore, |d(yn, yn+1)| →
l for some l ≥ 0. Now, we claim that l = 0. On contrary, assume that l > 0. Then by taking limit as n→∞ in
(3.2), we get
|l| ≤ lim
n→∞
γ(yn−1, yn)|l| ≤ |l|
4 D. KUMAR AND S. CHANDOK
⇒ lim
n→∞
γ(yn−1, yn)→ 1
But γ ∈ Γ, which implies that (yn−1, yn) → 0, that is d(yn−1, yn) → 0, which is contradiction to the fact that
l > 0. Thus l = 0 and hence,
lim
n→∞
|d(yn−1, yn)| = 0(3.3)
Next, we shall prove that {yn} is a C-Cauchy sequence, to prove this it is enough to show that the subsequence
{y2n} is a C-Cauchy sequence. On contrary, suppose that {y2n} is not a C-Cauchy sequence. Then there exist
c ∈ C with 0 ≺ c for which, for all k ∈ N there exists 2mk > 2nk ≥ k such that
d(y2nk , y2mk)  c(3.4)
Now, corresponding to nk, we can choose mk in such a way that it is the smallest integer with 2mk > 2nk ≥ k
satisfying (3.4). Then
d(y2mk , y2mk−2) ≺ c(3.5)
From equation (3.4), (3.5) and triangular inequality, we have
c  d(y2nk , y2mk)  d(y2nk , y2mk−2) + d(y2mk−2, y2mk−1) + d(y2mk−1, y2mk)
≺ c+ d(y2mk−2, y2mk−1) + d(y2mk−1, y2mk)
which implies that
|c| ≤ |d(y2nk , y2mk)| ≤ |c|+ |d(y2mk−2, y2mk−1)|+ |d(y2mk−1, y2mk)|
Taking limit as k →∞ and using (3.3), we have
|c| ≤ lim
k→∞
|d(y2nk , y2mk)| ≤ |c|
which implies that
lim
k→∞
|d(y2nk , y2mk)| = |c|(3.6)
Now, using triangular inequality, we have
|d(y2nk , y2mk)| ≤ |d(y2nk , y2mk+1)|+ |d(y2mk+1, y2mk)|
≤ |d(y2nk , y2mk)|+ |d(y2mk , y2mk+1)|+ |d(y2mk+1, y2mk)|
Taking limit as k →∞ and using (3.3) and (3.6), we get
|c| ≤ lim
k→∞
|d(y2nk , y2mk+1)| ≤ |c|
lim
k→∞
|d(y2nk , y2mk+1)| = |c|(3.7)
Next, we have
d(y2nk , y2mk)  d(y2nk , y2nk+1) + d(y2nk+1, y2mk+2) + d(y2mk+2, y2mk+1)
= d(y2nk , y2nk+1) + d(Sx2nk , T x2mk+1) + d(y2mk+2, y2mk+1)
 d(y2nk , y2nk+1) + λ1(fx2nk , gx2mk+1)d(fx2nk , gx2mk+1) + λ2(fx2nk , gx2mk+1)(d(fx2nk , Sx2nk)
+ d(gx2mk+1, T x2mk+1)) + λ3(fx2nk , gx2mk+1)(d(fx2nk , T x2mk+1) + d(gx2mk+1, Sx2nk))
+ d(y2mk+2, y2mk+1)
= d(y2nk , y2nk+1) + λ1(y2nk , y2mk+1)d(y2nk , y2mk+1) + λ2(y2nk , y2mk+1)(d(y2nk , y2nk+1)
+ d(y2mk+1, y2mk+2)) + λ3(y2nk , y2mk+1)(d(y2nk , y2mk+2) + d(y2mk+1, y2nk+1))
+ d(y2mk+2, y2mk+1)
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which implies,
|d(y2nk , y2mk)| ≤ |d(y2nk , y2nk+1)|+ λ1(y2nk , y2mk+1)|d(y2nk , y2mk+1)|+ λ2(y2nk , y2mk+1)|(d(y2nk , y2nk+1)
+ d(y2mk+1, y2mk+2))|+ λ3(y2nk , y2mk+1)|(d(y2nk , y2mk+2) + d(y2mk+1, y2nk+1))|+ |d(y2mk+2, y2mk+1)|
≤ |d(y2nk , y2nk+1)|+ (λ1(y2nk , y2mk+1) + λ2(y2nk , y2mk+1) + λ3(y2nk , y2mk+1))|d(y2nk , y2mk+1)|
+ |d(y2nk , y2nk+1) + d(y2mk+1, y2mk+2)|+ |d(y2nk , y2mk+2) + d(y2mk+1, y2nk+1) + d(y2mk+2, y2mk+1)|
≤ |d(y2nk , y2nk+1)|+
(λ1(y2nk , y2mk+1) + λ2(y2nk , y2mk+1) + λ3(y2nk , y2mk+1))
1− (λ2(y2nk , y2mk+1) + λ3(y2nk , y2mk+1))
|d(y2nk , y2mk+1)|
+ |d(y2nk , y2nk+1) + d(y2mk+1, y2mk+2)|+ |d(y2nk , y2nk+1)|
= |d(y2nk , y2nk+1)|+ γ(y2nk , y2mk+1)|d(y2nk , y2mk+1)|+ |d(y2nk , y2nk+1) + d(y2mk+1, y2mk+2)|
+ |d(y2nk , y2nk+1)|
≤ |d(y2nk , y2nk+1)|+ |d(y2nk , y2mk+1)|+ |d(y2nk , y2nk+1) + d(y2mk+1, y2mk+2)|+ |d(y2nk , y2nk+1)|
Taking limit as k →∞ and using equation (3.3) and (3.7), we get
|c| ≤ lim
n→∞
γ(y2nk , y2mk+1)|c| ≤ |c|
therefore,
lim
n→∞
γ(y2nk , y2mk+1) = 1
Since γ ∈ Γ, we have d(y2nk , y2mk+1) → 0 as k → ∞, which is contradiction. Thus {y2n} is a C-Cauchy
sequence and hence {yn} is a C-Cauchy sequence. As X is C-complete, therefore there exists t ∈ X such that
yn → t as n→∞, Therefore from equation (3.1), we get
lim
n→∞
Sx2n = lim
n→∞
Tx2n+1 = lim
n→∞
fx2n = lim
n→∞
gx2n+1 = t(3.8)
Next, since S(X) ⊆ g(X), there exist u ∈ X such that g(u) = t. Thus equation (3.8) becomes
lim
n→∞
Sx2n = lim
n→∞
Tx2n+1 = lim
n→∞
fx2n = lim
n→∞
gx2n+1 = t = g(u)(3.9)
We shall show that Tu = gu, for this consider
d(t, Tu)  d(t, Sx2n) + d(Sx2n, T u)
 d(t, Sx2n) + λ1(fx2n, gu)d(fx2n, gu) + λ2(fx2n, gu)(d(fx2n, Sx2n) + d(gu, Tu)) + λ3(fx2n, gu)(d(fx2n, T u)
+ d(gu, Sx2n))
Taking limit as k →∞ and using equation (3.9), we get
d(t, Tu)  d(t, t) + λ1(gu, gu)d(gu, gu) + λ2(gu, gu)(d(gu, gu) + d(gu, Tu)) + λ3(gu, gu)(d(gu, Tu) + d(gu, gu))
= λ2(gu, gu)d(gu, Tu) + λ3(gu, gu)(d(gu, Tu)
this implies, (
1− (λ2(gu, gu) + λ3(gu, gu))
)
d(t, Tu)  0
therefore, (
1− (λ2(gu, gu) + λ3(gu, gu))
)
|d(t, Tu)| ≤ 0,
which implies
d(t, Tu) = 0, therefore Tu = t and hence Tu = gu = t(3.10)
Also it is given that T (X) ⊆ f(X), therefore there exist v ∈ X such that fv = t. Thus from equation (3.8), we
get
lim
n→∞
Sx2n = lim
n→∞
Tx2n+1 = lim
n→∞
fx2n = lim
n→∞
gx2n+1 = t = fv(3.11)
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Now, we shall show that Sv = fv. For this consider
d(Sv, t)  d(Sv, Tx2n+1) + d(Tx2n+1, t)
 λ1(fv, gx2n+1)d(fv, gx2n+1) + λ2(fv, gx2n+1)(d(fv, Sv) + d(gx2n+1, T x2n+1)) + λ3(fv, gx2n+1)(d(fv, Tx2n+1)
+ d(gx2n+1, Sv)) + d(Tx2n+1, t)
Taking limit as k →∞ and using equation (3.11), we get
d(Sv, t)  λ1(fv, fv)d(fv, t) + λ2(fv, fv)(d(fv, Sv) + d(t, t) + λ3(fv, fv)(d(fv, t) + d(t, Sv)) + d(t, t)
 λ1(fv, fv)d(t, t) + λ2(fv, fv)(d(t, Sv) + d(t, t) + λ3(fv, fv)(d(t, t) + d(t, Sv)) + d(t, t)
= (λ2(fv, fv) + λ3(fv, fv))d(t, Sv)
this implies, (
1− (λ2(fv, fv) + λ3(fv, fv))
)
d(t, Sv)  0
therefore, (
1− (λ2(fv, fv) + λ3(fv, fv))
)
|d(t, Sv)| ≤ 0
which implies d(t, Sv) = 0, therefore t = Sv and hence from equation (3.11), we get
Sv = fv = t(3.12)
Therefore from equations (3.10) and (3.12), we get
Tu = gu = Sv = fv = t(3.13)
Since the pairs (f, S) and (g, T ) are weakly compatible. Therefore from equation (3.13), we have
fv = Sv ⇒ Sfv = fSv ⇒ St = ft(3.14)
and
gu = Tu⇒ Tgu = gTu⇒ T t = gt(3.15)
which implies that t is a coincident point of each pair (f, S) and (g, T ) in X .
Next, we shall show that t is common fixed of S, T, f and g. For this assume that St = t, if not then using the
condition (3) of Theorem 3.1 with x = t and y = u, we have
d(St, Tu)  λ1(ft, gu)d(ft, gu) + λ2(ft, gu)(d(ft, St) + d(gu, Tu)) + λ3(ft, gu)(d(ft, Tu) + d(gu, St))
Using equations (3.13) and (3.14), we have
d(St, t)  λ1(St, t)d(St, t) + λ2(St, t)(d(St, St) + d(t, t)) + λ3(St, t)(d(St, t) + d(t, St))
 λ1(St, t)d(St, t) + λ3(St, t)2d(St, t)
= (λ1(St, t) + 2λ3(St, t))d(St, t)
which implies,
(1− (λ1(St, t) + 2λ3(St, t)))d(St, t)  0
therefore,
(1− (λ1(St, t) + 2λ3(St, t)))|d(St, t)| ≤ 0
Hence d(St, t) = 0 i.e St = t, therefore from equation (3.14), we get
ft = St = t(3.16)
Similarly assume that T t = t, if not then using the condition (3) of Theorem 3.1 with x = v and y = t, we have
T t = t, therefore from equation (3.15), we get
gt = T t = t(3.17)
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From equations (3.16) and (3.17), we have
ft = gt = St = T t = t
Thus t is a common fixed point of S, T, f and g.
To check uniqueness, assume that t∗ 6= t be another fixed point of S, T, f and g. Let x = t and y = t∗ in
condition (3) of Theorem 3.1, we get
d(t, t∗) = d(St, T t∗)  λ1(ft, gt
∗)d(ft, gt∗) + λ2(ft, gt
∗)(d(ft, St) + d(gt∗, T t∗)) + λ3(ft, gt
∗)(d(ft, T t∗) + d(gt∗, St))
 λ1(t, t
∗)d(t, t∗) + λ2(t, t
∗)(d(t, t) + d(t∗, t∗)) + λ3(t, t
∗)(d(t, t∗) + d(t∗, t))
= (λ1(t, t
∗) + 2λ3(t, t
∗))d(t, t∗),
This implies (
1− (λ1(t, t
∗) + 2λ3(t, t
∗))
)
d(t, t∗)  0
therefore, (
1− (λ1(t, t
∗) + 2λ3(t, t
∗))
)
|d(t, t∗)| ≤ 0
which implies d(t, t∗) = 0 as λ1(x, y) + 2λ2(x, y) + 2λ3(x, y) < 1, hence t = t
∗, thus t is a unique common fixed
point of S, T, f and g. 
Using the same arguments as in Theorem 3.1, we have the following result.
Theorem 3.2. Let (X, d) be a C-complete complex valued metric space and f, g, S, T : X → X be four self
mappings. If there exists three mappings λ1, λ2, λ3 : C+ × C+ → [0, 1) such that for all x, y ∈ X the following
axioms holds:
(1) λ1(x, y) + λ2(x, y) + λ3(x, y) < 1;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(3) d(Sx, T y)  λ1(fx, gy)d(fx, gy) + λ2(fx, gy)
d(Sx,fx)d(Ty,gy)
1+d(fx,gy) + λ3(fx, gy)
d(Sx,gy)d(Ty,gy)
1+d(fx,gy) ;
(4) T (X) ⊆ f(X) and S(X) ⊆ g(X) and the pairs (f, S) and (g, T ) are weakly compatible
Then f , g, S and T have a unique common fixed point in X.
Corollary 3.3. Let (X, d) be a C-complete complex valued metric space and f, g, S, T : X → X be four self
mappings satisfying the following conditions;
(1) d(Sx, T y)  λ1d(fx, gy)+λ2(d(fx, Sx)+d(gy, T y))+λ3(d(fx, T y)+d(gy, Sx)) for all x, y ∈ X, where
λ1, λ2, λ3 ∈ R
+ with λ1 + 2λ2 + 2λ3 < 1;
(2) T (X) ⊆ f(X) and S(X) ⊆ g(X) and the pairs (f, S) and (g, T ) are weakly compatible
Then f , g, S and T have a unique common fixed point in X.
Corollary 3.4. Let (X, d) be a C-complete complex valued metric space and S, T : X → X be two self mappings.
If there exists three mappings λ1, λ2, λ3 : C+ ×C+ → [0, 1) for all x, y ∈ X satisfying the following conditions;
(1) λ1(x, y) + 2λ2(x, y) + 2λ3(x, y) < 1 for all (x, y) ∈ C+ × C+;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)+λ2(x,y)+λ3(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
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(3) d(Sx, T y)  λ1(x, y)d(x, y) + λ2(x, y)(d(x, Sx) + d(y, T y)) + λ3(x, y)(d(x, T y) + d(y, Sx))
Then S and T have a unique common fixed point in X.
Corollary 3.5. Let (X, d) be a C-complete complex valued metric space and T : X → X be a self mappings. If
there exists three mappings λ1, λ2, λ3 : C+ × C+ → [0, 1) for all x, y ∈ X satisfying the following conditions;
(1) λ1(x, y) + 2λ2(x, y) + 2λ3(x, y) < 1 for all (x, y) ∈ C+ × C+;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)+λ2(x,y)+λ3(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(3) d(Tx, T y)  λ1(x, y)d(x, y) + λ2(x, y)(d(x, Tx) + d(y, T y)) + λ3(x, y)(d(x, T y) + d(y, Tx))
Then T have a unique fixed point in X.
Corollary 3.6. Let (X, d) be a C-complete complex valued metric space and f, g, S, T : X → X be four self
mappings satisfying the following conditions;
(1) d(Sx, T y)  λ1d(fx, gy) + λ2
d(Sx,fx)d(Ty,gy)
1+d(fx,gy) + λ3
d(Sx,gy)d(Ty,gy)
1+d(fx,gy) ; for all x, y ∈ X, where
λ1, λ2, λ3 ∈ R
+ with λ1 + λ2 + λ3 < 1;
(2) T (X) ⊆ f(X) and S(X) ⊆ g(X) and the pairs (f, S) and (g, T ) are weakly compatible
Then f , g, S and T have a unique common fixed point in X.
Corollary 3.7. Let (X, d) be a C-complete complex valued metric space and S, T : X → X be two self mappings.
If there exists three mappings λ1, λ2, λ3 : C+×C+ → [0, 1) such that for all x, y ∈ X the following axioms holds:
(1) λ1(x, y) + λ2(x, y) + λ3(x, y) < 1;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(3) d(Sx, T y)  λ1(x, y)d(x, y) + λ2(x, y)
d(Sx,x)d(Ty,y)
1+d(x,y) + λ3(x, y)
d(Sx,y)d(Ty,y)
1+d(x,y)
Then S and T have a unique common fixed point in X.
Corollary 3.8. Let (X, d) be a C-complete complex valued metric space and T : X → X be a self mappings.
If there exists three mappings λ1, λ2, λ3 : C+×C+ → [0, 1) such that for all x, y ∈ X the following axioms holds:
(1) λ1(x, y) + λ2(x, y) + λ3(x, y) < 1;
(2) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(3) d(Tx, T y)  λ1(x, y)d(x, y) + λ2(x, y)
d(Tx,x)d(Ty,y)
1+d(x,y) + λ3(x, y)
d(Tx,y)d(Ty,y)
1+d(x,y)
Then T have a unique fixed point in X.
4. Urysohn integral equations
In this section, we show that Theorem 3.1 can be applied to the existence and uniqueness of a common
solution of the system of the Urysohn integral equations.
x(t) = ψi(t) +
∫ b
a
Ki(t, s, x(s))ds(4.1)
where i = 1, 2, 3, 4, a, b ∈ R with a ≤ b, t ∈ [a, b], z, ψi ∈ C([a, b],Rn) and Ki : [a, b]× [a, b]×Rn → Rn is a given
mapping for each i = 1, 2, 3, 4.
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Throughout in this section, for each i = 1, 2, 3, 4 and Ki in equation (4.1), we shall use the following symbols;
δi(x(t)) =
∫ b
a
Ki(t, s, x(s))ds
Theorem 4.1. Consider the Urysohn integral equation (4.1). Assume that the following given conditions hold
for each t ∈ [a, b];
(1) ψ1(t)+ψ4(t)+δ1(t)−δ4(δ1x(t)+ψ1(t)+ψ4(t)) = 0 and ψ2(t)+ψ3(t)+δ2x(t)−δ3(δ2x(t)+ψ2(t)+ψ3(t)) = 0
(2) ψ1(t) + 3ψ3(t) + δ1(δ1x(t) + ψ1(t)) + 2δ3x(t) + δ3(2x(t) − δx(t) − ψ3(t)) = 4x(t) and ψ2(t) + 3ψ4(t) +
δ2(δ2x(t) + δ2(t)) + 2δ4x(t) + δ4(2x(t)− δ4x(t)− ψ4(t)) = 4x(t)
If there exists three mappings λ1, λ2, λ3 : C+ × C+ → [0, 1) such that, for all x, y ∈ (C+ × C+), satisfying the
following:
(i) λ1(x, y) + 2λ2(x, y) + 2λ3(x, y) < 1;
(ii) the mapping γ : C+ × C+ → [0, 1) defined by γ(x, y) =
λ1(x,y)+λ2(x,y)+λ3(x,y)
1−λ2(x,y)−λ3(x,y)
belongs to Γ;
(iii) for each x, y ∈ X and t ∈ [a, b], we have
Axy(t)
√
1 + a2eitan
−1a  λ1
(
Ex(t), Fy(t)
)
Bxy(t) + λ2
(
Ex(t), Fy(t)
)
Cxy(t) + λ3
(
Ex(t), Fy(t)
)
Dxy(t)
where
Axy(t) =
∣∣∣∣
∣∣∣∣δ1x(t) + ψ1(t)− δ2x(t)− δ2(t)
∣∣∣∣
∣∣∣∣
∞
;
Bxy(t) =
(∣∣∣∣
∣∣∣∣2x(t)− δ3x(t)− ψ3(t)− 2y(t) + δ4y(t) + ψ4(t)
∣∣∣∣
∣∣∣∣
)
∞
√
1 + a2eitan
−1a;
Cxy(t) =
(∣∣∣∣
∣∣∣∣2x(t)− δ3x(t)− ψ3(t)− δ1x(t)− ψ2(t)
∣∣∣∣
∣∣∣∣
∞
+
∣∣∣∣
∣∣∣∣2y(t)− δ4y(t)− ψ4(t)− δ2y(t)− ψ2(t)
∣∣∣∣
∣∣∣∣
∞
)√
1 + a2eitan
−1a
Dxy(t) =
(∣∣∣∣
∣∣∣∣2x(t)− δ3x(t)− ψ3(t)− δ2y(t)− ψ2(t)
∣∣∣∣
∣∣∣∣
∞
+
∣∣∣∣
∣∣∣∣2y(t)− δ4y(t)− ψ4(t)− δ1x(t) − ψ1(t)
∣∣∣∣
∣∣∣∣
∞
)√
1 + a2eitan
−1a
Ex(t) = max
t∈[a,b]
||2x(t)− δ3x(t)− ψ3(t)||∞
√
1 + a2eitan
−1a;
Fy(t) = max
t∈[a,b]
||2y(t)− δ4y(t)− ψ4(t)||∞
√
1 + a2eitan
−1a
Then the system of equations (4.1) have a unique commom solution.
Proof. let X = C([a, b],Rn) and d : X ×X → C be defined by
d(x, y) = max
t∈[a,b]
||x(t) − y(t)||∞
√
1 + a2eitan
−1a(4.2)
Then (X, d) be a C-complete complex valued metric space.
Define mappings S, T, f and g : X → X by
Sx(t) = δ1x(t) + ψ1(t) =
∫ b
a
K1(t, s, x(s))ds+ ψ1(t);
Tx(t) = δ2x(t) + ψ2(t) =
∫ b
a
K2(t, s, x(s))ds+ ψ2(t);
fx(t) = 2x(t)− δ3x(t)− ψ3(t) = 2x(t)−
∫ b
a
K3(t, s, x(s))ds+ ψ3(t);
gx(t) = 2x(t)− δ4x(t)− ψ4(t) = 2x(t)−
∫ b
a
K4(t, s, x(s))ds+ ψ4(t);
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let x, y ∈ X , Then we get
d(fx, 0) = max
t∈[a,b]
||2x(t)− δ3x(t) − ψ3(t)||∞
√
1 + a2eitan
−1a;
d(gx, 0) = max
t∈[a,b]
||2x(t)− δ4x(t) − ψ4(t)||∞
√
1 + a2eitan
−1a;
d(Sx, T y) = max
t∈[a,b]
||δ1x(t) + ψ1(t)− δ2y(t)− ψ2(t)||∞
√
1 + a2eitan
−1a;
d(fx, gy) = max
t∈[a,b]
||2x(t)− δ3x(t) − ψ3(t)− 2y(t) + δ4y(t)− ψ4(t)||∞
√
1 + a2eitan
−1a;
d(fx, Sx) = max
t∈[a,b]
||2x(t)− δ3x(t) − ψ3(t)− δ1x(t) − ψ1(t)||∞
√
1 + a2eitan
−1a;
d(gy, T y) = max
t∈[a,b]
||2y(t)− δ4y(t)− ψ4(t)− δ2x(t)− ψ2(t)||∞
√
1 + a2eitan
−1a;
d(fx, T y) = max
t∈[a,b]
||2x(t)− δ3x(t) − ψ3(t)− δ2y(t)iψ2(t)||∞
√
1 + a2eitan
−1a;
d(gy, Sx) = max
t∈[a,b]
||2y(t)− δ4y(t)− ψ4(t)− δ1x(t)− ψ1(t)||∞
√
1 + a2eitan
−1a
(4.3)
From condition (iii) of Theorem (4.1), for each t ∈ [a, b], we have
Axy(t)
√
1 + a2eitan
−1a  λ1
(
Ex(t), Fy(t)
)
Bxy(t) + λ2
(
Ex(t), Fy(t)
)
Cxy(t) + λ3
(
Ex(t), Fy(t)
)
Dxy(t)
 λ1
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Bxy(t) + λ2
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Cxy(t) + λ3
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Dxy(t)
This implies,
max
t∈[a,b]
Axy(t)
√
1 + a2eitan
−1a  λ1
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Bxy(t) + λ2
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Cxy(t) +
(
Ex(t), Fy(t)
)
max
t∈[a,b]
Dxy(t)
Using equations (4.3), we get
d(Sx, T y)  λ1(fx, gy)d(fx, gy) + λ2(fx, gy)(d(fx, Sx) + d(gy, T y)) + λ3(fx, gy)(d(fx, T y) + d(gy, Sx))
Next, we shall show that S(X) ⊆ g(X). For this consider
g
(
Sx(t) + ψ4(t)
)
= 2
[
Sx(t) + ψ4(t)
]
− δ4
[
Sx(t) + ψ4(t)
]
− ψ4(t)
= Sx(t) + Sx(t) + ψ4(t)− δ4
(
Sx(t) + ψ4(t)
)
= Sx(t) + δ1x(t) + ψ(t) + ψ4(t)− δ4
(
δ1x(t) + ψ1(t) + ψ4(t)
)
= Sx(t) + ψ1(t) + ψ4(t) + δ1x(t)− δ4
(
δ1x(t) + ψ1(t) + ψ4(t)
)
Using given condition (1) of Theorem 4.1, we get g
(
Sx(t) + ψ4(t)
)
= Sx(t). which shows that S(X) ⊆ g(X).
Similary we can show that T (x) ⊆ f(X).
Next, we shall show that the pair (S, f) and (T, g) are weakly compatible. For each t ∈ [a, b], we get∣∣∣∣fSx(t)− Sfx(t)∣∣∣∣ = ∣∣∣∣f(δ1x(t) + ψ1(t))− S(2x(t)− δ3x(t) − ψ3(t)∣∣∣∣
=
∣∣∣∣2(δ1x(t) + ψ1(t))− δ3(δ1x(t) + ψ1(t))− ψ3(t)− δ1(2x(t)− δ3x(t) − ψ3(t))− ψ1(t)∣∣∣∣(4.4)
If Sx = fx for some x ∈ X , then we have
δ1x(t) + ψ1(t) = 2x(t)− δ3x(t) − ψ3(t) for all t ∈ [a, b]
Therefore from equation (4.4), we get∣∣∣∣fSx(t)− Sfx(t)∣∣∣∣ = ∣∣∣∣4x(t)− 2δ3x(t) − 3ψ3(t)− δ3(2x(t)− δ3(t)− ψ3x(t) − ψ3(t))− δ1(δ1x(t) + ψ1(t))− ψ1(t)∣∣∣∣
for all t ∈ [a, b]. From condition (2), we get
∣∣∣∣fSx(t)− Sfx(t)∣∣∣∣ = 0, that is, fSx(t) = Sfx(t) for all t ∈ [a, b].
Therefore, fSx = Sfx whenever Sx = fx. Hence the pair (S, f) is weakly compatible. Similarly, we can show
that (T, g) is weakly compatible.
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Thus all the conditions of Theorem (3.1) are satisfied. Therefore there exists a unique common fixed point of
S, T, f, g in X and consequently there exist a unique common solution of the system (4.1). 
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